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What do the students want

from their tutorials?



Answers But I give them detailed written answers afterwards...

Another point of view

Contact hour in small group

To pass the exam

To learn about the topic

To gain skills?



What are tutorials most

useful for?



What I value

Communication skills

Critical thinking

Becoming confident of answers

Feedback

Discussion? See also workshops, labs, pals, ...



Some exercises / answers

to discuss



MLPR Tutorial1 Sheet 2 (Answers)
Reminders: Attempt the tutorial questions before your tutorial. Many of the best-performing
students discuss the class and tutorial work with their peers during the week. You can seek
clarifications and hints on the class forum. Full answers will be released after the tutorial.

This tutorial is largely just maths. While I ask for a small numerical experiment in the
middle, there’s no real data, and no machine learning. However, throughout the course
we will derive models and algorithms that use multivariate Gaussian distributions. And
other machine learning methods share some of the same maths. I’ve put this material on the
tutorial, because it’s useful stuff, and you need to work through it at your own pace. You’ll
get an assignment soon that involves some data!

1. Warm-up exercise:

If a and b are D×1 column vectors and M is a D×D symmetric matrix, show that

a>Mb = b>Ma.

You wouldn’t need to show this result in an exam. In some working (like for the next
question) you could just state that it’s true for symmetric M.

Answer:
As a>Mb is a scalar, a>Mb = (a>Mb)> = (Mb)>a = b>M>a using the result from
the background material crib-sheet (AB)> = B>A> twice.

Since M is symmetric, M> = M, and hence a>Mb = b>Ma.

Alternatively, you could write the quadratic form as a sum of scalars, where reordering
is straightforward:

a>Mb = ∑
ij

ai Mijbj = ∑
ij

bj Mijai = ∑
ij

bj Mjiai = b>Ma,

where we can swap the indices on M because it is symmetric: Mij = Mji.

2. Identifying a Gaussian:

As part of a derivation, we may need to identify the probability density function of a
vector up to a constant. For example:

p(x) ∝ exp
(
−x>Ax− x>c

)
,

where A is a symmetric invertible matrix. As this distribution is proportional to the
exponential of a quadratic in x, it is a Gaussian: p(x) = N (x; µ, Σ).

Identify which Gaussian x comes from by identifying the mean µ and covariance Σ in
terms of A and c. The easiest method is to compare p(x) to the standard form for the
multivariate Gaussian PDF (given in class).

The answer you should be able to show is:

Σ =
1
2

A−1, µ = −1
2

A−1c.

1. Parts of this tutorial sheet are based on previous versions by Amos Storkey, Charles Sutton, and Chris Williams
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Working for answer:
The quadratic form in the multivariate Gaussian takes the form:

logN (x; µ, Σ) = −1
2
(x− µ)>Σ−1(x− µ) + const.

= −1
2

x>Σ−1x +
1
2

x>Σ−1µ +
1
2

µ>Σ−1x + const.

= −1
2

x>Σ−1x + x>Σ−1µ + const. (Σ and Σ−1 are symmetric)

In comparison the quadratic form given in the question is:

log p(x) = −x>Ax− x>c + const.

We can read off the mean and covariance by comparing the coefficients of these forms.
Comparing the quadratic term:

−1
2

Σ−1 = −A ⇒ Σ = 1
2 A−1 .

Comparing the linear term:

Σ−1µ = −c ⇒ µ = −Σc = − 1
2 A−1c .

Some textbooks will instruct you to ‘complete the square’ — manipulate the given
equation for p(x) into the standard quadratic form that appears in a Gaussian PDF,
keeping track of the constants. That approach is fine, but more work than necessary.

3. Creating a 2D multivariate Gaussian, and a simple experiment:

The first element of a vector has p(x1) = N (x1; m, σ2).

A second element is generated independently according to the following process:

x2 = αx1 + ν, ν ∼ N (0, n2).

Recall that a linear combination of Gaussian values is Gaussian distributed.

a) The joint distribution of the vector x=[x1 x2]
> is Gaussian, and so takes the form

p(x) = N (x; µ, Σ). Identify µ and Σ.

b) Turning to a computer: pick a setting for each of the parameters m, σ2, α, and n,
and simulate samples from the above process. Estimate the mean and covariance
from the samples. Do your estimates of the mean and covariance agree with their
theoretical values?

Putting a standard error on your estimates of the means should be straightforward.
You may have to use some creativity to put error bars on your estimates of the
covariances.

Answer:
a) Here’s one way to answer the question. We can identify several expectations:

E[x1] = m

E[x2
1] = σ2 + m2

E[x2] = αE[x1] + E[ν] = αm

E[x1x2] = E[αx2
1 + νx1] = αE[x2

1] + E[ν]E[x1] = α(σ2 + m2)

E[x2
2] = E[α2x2

1] + E[2αx1ν] + E[ν2] = α2(σ2 + m2) + n2
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We set the class likelihoods to: P(x | y= k) = N (x; µk, σ2
k ), with means and variances

set to the empirical values.

Substituting that all in we get P(y=1 | x=0.6) = 0.63 if we use the “maximum likeli-
hood” estimates of the variances (normalization by N). However we get P(y=1 | x=
0.6) = 0.52 if using the unbiased estimates for the variances, using the normalization
by N−1. Given this small dataset, we favour class 1, but not by much. The model fits
are somewhat unreliable.

The diagram shows vertical lines at the decision boundaries where the posterior
probabilities for the two classes are equal. To find these locations I equated the scores
(prior times likelihood) for the two classes, took logs, and solved the resulting quadratic
equation. (You were told you didn’t have to do that.)

If you want to check numbers or details of the class boundary solution, see the
accompanying Matlab code.

Because class 2 has lower variance, the tail probability of class 1 eventually becomes
bigger than class 2 to the far right of the plot, leading to the second decision boundary.
Further to the right, beyond that boundary, we will become incredibly confident
that points should be classified as class one. It is hard to justify making confident
predictions far away from any of the observed data.

There is no correct answer here. If we changed the tails of the likelihood P(x | y),
we could change the extreme behaviour. By using a mixture between a uniform and
Gaussian, we could make it so that extreme points were given a nearly constant score
by each class, leading to nearly uniform predictions. (Although Uniform distributions
have to be bounded to be well-defined.)

We might simply report when x appears far from any observed in the training set, and
refuse to make a classification. How would we decide if x is “too far”. One idea is to
create an extra “outliers” class with a large variance, and assign points to this class
along with all of the others.

We might force the class variances to be equal. Then there would be no quadratic
term when solving for the class boundary. There would be a single decision boundary,
which may or may not be desirable.

Intended lessons: Be able to sketch Gaussians. Understand that a broad model can be
more probable either side of a more focussed model. Begin to see some problems with
fitting simple models to limited to data. Be able to discuss alternatives.

2. Gradient descent:

Let E(w) be a differentiable function. Consider the gradient descent procedure

w(t+1) ← w(t) − η∇wE.

a) Are the following true or false? Prepare a clear explanation, stating any necessary
assumptions:

i) Let w(1) be the result of taking one gradient step. Then the error always
improves, i.e., E(w(1)) ≤ E(w(0)).

ii) There exists some choice of the step size η such that E(w(1)) < E(w(0)).

b) A common programming mistake is to forget the minus sign in either the descent
procedure or in the gradient evaluation. As a result one unintentionally writes a
procedure that does w(t+1) ← w(t) + η∇wE. What happens?
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Answer:

a) i) False: although the negative gradient points in a direction where a small
move will improve the cost, a large move could move further away from an
optimum.

ii) False if we somehow initialized at a local optimum, but otherwise True. For
small enough steps, the gradient points in the direction that will improve the
cost function the most, so the gradient step will improve things. A fancier
answer could say that a Taylor expansion of the cost function is:

E(w + δ) = E(w) + δ>∇wE + . . .

Setting δ = −η∇wE we have:

E(w(1)) = E(w(0))− η(∇wE)>∇wE + O(η2).

So for small enough η, the change in cost is negative.

b) Getting the sign of the gradient wrong means the algorithm maximizes E rather
than minimizing it. Often when we’re minimizing a cost, it has no finite maximum.
For example in linear regression we can make the squared error as large as we like
by setting extreme weights. So typically E(w) and the magnitude of the weights
increases towards infinity over time. In practice the code will often crash due to a
numerical error.

3. Maximum likelihood and logistic regression:

Maximum likelihood logistic regression maximizes the log probability of the labels,

∑
n

log P(y(n) | x(n), w),

with respect to the weights w. As usual, y(n) is a binary label at input location x(n).

The training data is said to be linearly separable if the two classes can be completely
separated by a hyperplane. That means we can find a decision boundary

P(y(n)=1 | x(n), w, b) = σ(w>x(n) + b) = 0.5, where σ(a) =
1

1 + e−a ,

such that all the y=1 labels are on one side (with probability greater than 0.5), and all
of the y 6=1 labels are on the other side.

a) Show that if the training data is linearly separable with a decision hyperplane
specified by w and b, the data is also separable with the boundary given by w̃
and b̃, where w̃= cw and b̃= cb for any scalar c>0.

b) What consequence does the above result have for maximum likelihood training
of logistic regression for linearly separable data?

Answer:
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MLPR Tutorial Sheet 7 (Answers)
1. Pre-processing for Bayesian linear regression and Gaussian processes:

We have a dataset of inputs and outputs {x(n), y(n)}N
n=1, describing N preparations of

cells from some lab experiments. The output of interest, y(n), is the fraction of cells that
are alive in preparation n. The first input feature of each preparation indicates whether
the cells were created in lab A, B, or C. That is, x(n)1 ∈{A, B, C}. The other features are real
numbers describing experimental conditions such as temperature and concentrations
of chemicals and nutrients.

a) Describe how you might represent the first input feature and the output when
learning a regression model to predict the fraction of alive cells in future prepara-
tions from these labs. Explain your reasoning.

b) Compare using the lab identity as an input to your regression (as you’ve discussed
above), with two baseline approaches: i) Ignore the lab feature, treat the data from
all labs as if they came from one lab; ii) Split the dataset into three parts one for
lab A, one for B, and one for C. Then train three separate regression models.

Discuss both simple linear regression and Gaussian process regression. Is it
possible for these models, when given the lab identity as in a), to learn to emulate
either or both of the two baselines?

c) There’s a debate in the lab about how to represent the other input features: log-
temperature or temperature, and temperature in Fahrenheit, Celsius or Kelvin?
Also whether to use log concentration or concentration as inputs to the regression.
Discuss ways in which these issues could be resolved.

Harder: there is a debate between two different representations of the output.
Describe how this debate could be resolved.

Answer:

a) The outputs, being fractions of something, are in the range [0, 1]. However, the
predictions from a Gaussian process regression model, p(y∗ | x∗,D), are Gaussian
distributions, and so predict numbers in [−∞, ∞]. We could consider instead
training on and predicting the logit of the fraction of alive cells. The logit is the
inverse of the sigmoid function, logit(y) = log(y/(1− y)). If all of the fractions
are tiny (the vast majority of cells are dead) then the logit is nearly the same as
taking the log of the output.

What if sometimes all of the cells are alive, and/or sometimes all of the cells
are dead? Then the logit will sometimes return ∞ or −∞, which we won’t be
able to fit. We could consider fitting another function of the outputs, such as
logit(0.01 + 0.98y). I suspect that, like me, you’ll find this suggestion unsatisfying.
It’s become pretty clear that the rescaling is arbitrary.

If many of preparations have all the cells dead (or all alive), I would consider
fitting a classifier to predict whether the preparation is either all alive, all dead,
or in between. Then I could fit a regression model on the logit of the fraction, for
the cases where the fraction isn’t zero or one.

I’d be happier if I could build a more principled model of the data: if we knew
the number of cells, as well as the fraction dead, we could model the probability
of a cell being alive as the sigmoid of a function. However, we’d then need
approximate inference methods (such as the Laplace approximation) to compute
the posterior over functions or model parameters. Sometimes fitting a Gaussian
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MLPR Tutorial Sheet 7 (Answers)
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A useful result is H ′2(x) =
dH2(x)

dx = −logit(x) = log 1−x
x .

When I did this exercise in 2010, I did the following:

∂I

∂p1
= (1−f)H ′2(p∗1(1−f))−H2(f)

0 = (1−f)[log(1− p∗1(1−f))− log p∗1��
�(1−f)] + f log f +((((

(((((1−f) log(1−f)
f

f−1 log f = log(1/p∗
1 − (1−f))

ff/(f−1) = 1/p∗
1 − (1−f)

. . . and finally:

p∗1 =
1

1−f + ff/(f−1) .

The Capacity is the mutual information evaluated at this optimal input distribution.

Alternative derivation: When I re-did this exercise in 2011, I happened to get the same
form as the answer in the MacKay text, p159 (solution to Ex. 9.15, p155). It results from
not cancelling terms shared by the logit and binary entropy function and rearranging
differently:

∂I

∂p1
= (1−f) log 1− p∗1(1−f)

p∗1(1−f)
−H2(f)

1− p∗1(1−f)
p∗1(1−f)

= 2H2(f)/(1−f)

. . . and finally:

p∗1 =
1

(1−f)(1 + 2H2(f)/(1−f))
,

which is equivalent to the previous answer.

Are these messy expressions correct? It is important to treat results with suspicion. To
be honest, the first thing I did was check my first expression against the answer in the
book numerically. But we won’t always have answers in books to check. (And who says
they got it right?) In general, extreme cases are often easy to check. Here, the channel
may reduce to one that is easier to analyse.

When there is no noise, f =0, we are just source coding: we want to use the symbols
equally often, and indeed we recover p∗1=1/2 in this case.

As f → 1, the channel only ever emits a single symbol, so the capacity will tend to
zero. When that happens, it doesn’t matter what input distribution we use, the mutual
information is zero no matter what. For interest, we can see what input distribution we
should use as we approach this limit:

lim
f→1

p∗1 = lim
f→1

ff/(1−f) =
1

e
.

How did I get this limit? When I first did it, I took logs and then applied L’Hôpital’s
rule to the quotient. If I just wanted the answer in a hurry, I would type “fˆ(f/(1-f))
as f tends to 1” into http://wolframalpha.com and check it numerically.

Anyway, by plotting as a function of f , we see that p∗1 ∈ (1/e, 1/2]. In particular, p∗1 ≤ 1/2:
“It’s better to favour sending the reliable zeros.”

2. The erasure channel and feedback: Because a feedback channel does not convey
any information from the sender to the receiver, it does not increase the capacity
of the channel. So feedback doesn’t help the asymptotic rate of communication. I
found this fact very surprising the first time I saw it! (Feedback channels might make
communication more convenient, and might help for small messages sizes K.)

3
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Closing thoughts

Set expectations

Finding what works is iterative
taking >1 group useful!

Ask what are main goals of this tutorial?

Give your lecturer feedback


